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Abstract

We consider the problem of learning in dynamical systems with hidde n state. This problem is deemed
challenging due to the fact that the state is not completely visible t o an outside observer. We explore a
candidate algorithm, which we call the Merge-Split algorithm, for learni ng deterministic automata with
observations. This is based on the work of Gavalda et al(2006) which approximates a given Hidden
Markov Model (HMM) with a learned Probabilistic Deterministic F  inite Automaton (PDFA).

1 Introduction

Learning and planning under uncertainty is one of the main aspects of modern Al research. Ais problem
has a considerable application in the “eld of robotics since robots must cope wit environments that are
partially observable, stochastic, dynamic and continuous. In order for a rolot to reason correctly about its
environment, it must be provided with a good internal representation of it. Learning the internal representa-
tion of a partially observable system is deemed dixcult due to the state being hidden toan outside observer.
Instead, there are observables that partly identify the state. From information we are able to retrieve, given
the observables, we want to learn a model that approximates the partially obserable system and that will
enable us to make good predictions on future action e®ects.

A good representation should contain enough information for the robot to nmake the right decisions and its
internal state variables should correspond to the natural state variables 6the physical world. In the Al

literature, there is much discussion about choosing a good state representath to work with. In robotics,

for example, standard notions are the x,y position of a robot at any gien time, or the angle of its joints
(in the case of an arm robot). This choice of representation is not somethinghat is set in stone, but it is

wondered whether the obvious choice is always the best choice.

The problem of learning a good internal representation has received a lot of attefbn in recent research but
current solutions are suboptimal. This paper presents an attempt to "nd an algoithm that constructs an
automaton that best represents data generated by a partially observable system

We explore a candidate algorithm, which we call the Merge-Split algorithm, forlearning deterministic au-
tomata with observations. This is based on Gavalda's et al.'s GKPP algoithm(2006) which approximates a
Hidden Markov Model (HMM) with a Probabilistic Deterministic Finite Auto maton (PDFA).

We demonstrate how the algorithm works with di®erent inputs and explore the limiations of the algorithm
as well as the advantages it may have over other learning algorithms. For noywwe only consider the Merge-
Split algorithm in the deterministic case, but we are primarily interested in 'ndi ng a solution for inferring
hidden state in probabilistic environments such as Partially Observable Prdabilistic Automata (POPA).
We wish to extend Merge-Split to work in such stochastic environments. This vill better apply to real-world
problems since the real world is essentially a probabilistic environment.



2 Background

In this section, we review the de nitions of various types of partially observabk systems.

2.1 Partially Observable Systems

We use the °ip automaton in Mealy form [2] to illustrate three types of partially observable systems: De-
terministic Kripke Automata (DKA), Deterministic Automata with Stochas tic Observations (DASOs), and
Partially Observable Probabilistic Automata (POPAS).

De nition 2.1 A deterministic Kripke automaton (DKA) is a quintuple
K=fS;A;0;+:SEA! S;°:S!1 20g.

where S is a set of states,A is a set of actions, O is a set of observationst is a deterministic transition
function and ° is an deterministic observation function associated with he states.
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Figure 1: Deterministic Kripke Flip Automaton
De nition 2.2 A deterministic automaton with stochastic observations (DASO) is a quintuple
J =(S;A;0;x:SEA! S;°:SEO! [0;1])

where S is a set of states,A is a set of actions, O is a set of observations,x is a deterministic transition
function and ° is an observation function such that°®(s;!) is the probability of observing! in state s.

Figure 2: Deterministic Flip Automaton with Stochastic Observations



De nition 2.3 A partially observable probabilistic automaton (POPA) is a quintuple
H=(S;A;0;¢:SEAES! [0;1];° :SE O! [0;1])

where S is a set of states,A is a set of actions, O is a set of observations,s(s;a;9 de nes a probability
distribution on possible "nal states and®(s;! ) is the probability of observing! in state s.
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Figure 3: Partially Observable Probabilistic Flip Automaton

Most of the work we have done revolved around the DKA, but we wish to extend resultsto probabilistic
systems such as DASOs and POPAs since the real world is essentially a probabtic world.

2.2 HMMs and PDFAs

In this section, we de ne two systems used in the GKPP algorithm. Recall that the GKPP algorithm learns
a Probabilistic Deterministic Finite Automaton that can approximate a H idden Markov Model.

De nition 2.4 A Probabilistic Deterministic Finite Automaton (PDFA) is a tuple (S;8;T;0; so)
where S is a nite set of states, § is a nite set of observations,T : S£ § ! S is the transition function,
O:S£ 8! [01] de nes the emission probability of each observation on eachage, O(s;¥) = P (3% =
¥%st = s) and s, 2 S is the initial state. Note that we do not work with actions, bu only with observations
in PDFAs. Observations are what allow for transitions from one state to the other. Once an observation
had been selected, the transition to a new states’, is deterministic and given by T(s; %).

In a probabilistic nondeterministic “nite automaton(PNFA) , the transition function is stochastic:
T:SE%ES! [0;1), and T(S; %) = P(st+1 = sYst = ;% = ¥):

In both PDFAs and PNFAs, a special symbol marks the end of a sing.

De nition 2.5 A Hidden Markov Model (HMM) is a tuple (S;8;T;0O;y) where S is a nite set
of states, § is a nite set of observations, T(s;s) = P(si+1 = sJst = S) is the transition probability,
O(s;% = P(3% = ¥st = s) is the emission probability of each observation on each s&t and nally,
h(s) = P(sp = s) is the initial state distribution. Given an observation trajectory %;::%, emitted by
a known HMM, we can recursively est,'_mate the probability digibution over states at any time b+, , by
Bayesian updating as follows:b. (S) = o, 5 B (S)O(S% %4)t(s% s):

In the paper PAC-Learning of Markov Models with Hidden State, Gavalda et al. demondrated that every
HMM can be transformed into an equivalent PNFA which can in turn be approximated by a PDFA. (Note
that all the systems are nite.) This shows that "nite-size approximation of an HMM by a PDFA is always
possible. This can be used in the context of PAC-learning where the goal of learninig to 'nd a model that
approximates the true probability distribution over observation trajectori es.



Ron at al.(2005) proposed that PAC-learning of PDFAs is possible if werestrict to the class of PDFAs that
are acyclic and havedistinguishability criterion between states.

De nition 2.6 A PDFA has distinguishability ! if for any two statess and s°, the probability distributions
over observation trajectories starting ats and s®, Ps and Pso, di®er by at least! : m(Ps;Pso) , % 8s;8°2 S,
wherem is a measure of the di®erence between two probability disttibons.

3 GKPP Algorithm

Given sequences of observation$}; :::%, . the GKPP algorithm constructs an automaton which can generate
this data with high probability. The algorithm maintains a list of \saf e states" and \candidate states", the
safe states being states we decide to include in the graph constructed.

Let D denote the set of training trajectories (sequences of observations). The algorithmworks as fol-
lows:

It takes as input the parameters +;n and !, where * is the desired con dence,n is the upper bound on the
number of states desired in the model, andt is a lower bound on the distinguishability between any two
states.

We begin by initializing a single safe stateS = f syg representing the initial state of the target machine. We
also initialize a set of candidate statessy%8%2 8. Also, a multiset Dg, or Dy, is associated with each safe
and candidate state, respectively. The multiset of a state will contain the sutxes of all training trajectories
that pass through it.

For each sequence of observations, d 34;:::%, we traverse the graph by matching each observation to a
state until we reach a candidate states¥sor until we have exhausted all observations ind, in which case we
proceed to the next sequence of observations. Note that in the case where we nd a candidatate s%
(which occurs when all transitions up to %, 1 lead to a safe states and there is no transition out of s with
observation %), we add the sub-trajectory f %1 ; :::%(Q to the multiset Dy, .

In the induction step, the algorithm will either:

1. Promote a candidate state to a safe state
2 if the training data suggests that there is a signi cant di®erence between the probabili distribution
over trajectories observed from the candidate state and any safe state, then theandidate state will
be promoted.

2. Merge a candidate state with an existing safe state
2 |f there is not a signi cant di®erence between the probability distributions over trajectories observed
from the candidate state and a safe state, then the candidate state will be mered with the existing
safe state.

3. Retain it as a candidate state.
2 |If there is not enough information to decide, then we retain the state as a candidatetste.

The algorithm “rst judges whether there is enough information to promote or merge a candidate state
correctly. A candidate state will not be retained when it is declared large.

De nition 3.1 A candidate state s%is declaredlarge when:
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This is what we call the largeness condition.

Let jDs(%)j denote the number of trajectories starting with observation % in multiset Ds and note that
iDs(%3j=jDsj can be regarded as an empirical approximation of the probability that trajectory d will be
observed starting from states.

If the candidate state is not retained, and if there exists a safe states® such that for every trajectory d,

-jDs%(d)ji jDso(d)jj_ N
jDs%j Dso

=2 3

then we merges¥and s°. In this case, candidate states¥%is removed and a¥atransition from s tos®is added.
In addition, jDs(d)j is increased byjD ¢,(d)j.

On the other hand, if for every s, there exists ad such that

JDsy(d)]j : J'Dso(Ol)J'j S 1=
iDsy iDsoj

2 (4

then s%iis promoted to a new safe state. In this case, we add #transition from s to s% and add candidate
states s¥%¥for every observation¥? 2 §. All trajectories in Dsgg, are distributed appropriately to the new
candidate states.

The nal step of the algorithm entails transforming the constructed graph into a PDFA. Every safe state
will become a state of the automaton, the set of observations § remains the sae, and the probabilistic
observation function is computed as follows:

IDso(%)]
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where ° <

Finally, we take care of any remaining candidate states¥sby looking for a safe states® that is the most
similar to it, add a ¥transition from s to s° (the transition function is T(s;%) = s%), and we compute the
observation probability as de ned above.

The resulting automaton will be a PDFA that can be used to approximately compute the probabilities of
di®erent trajectories in the HMM.

4 The Merge-Split Algorithm

The Merge-Split algorithm is a derivation of the GKPP algorithm. It uses the same concept as GKPP: it
uses both state splitting and merging operations. Unlike GKPP, it works with observations and actions,
and it works in deterministic environments. It does not consider the distinguishablity parameter, which is
speci ¢ to a probability distribution.

The basic idea of the Merge-Split algorithm is as follows:
2 Two nodes are merged is their sets of possible future transitions are identical
2 |f a node cannot be merged with any other existing node, it will be further expanded (spl).



4.1 Flip Automaton Example

We revisit the °ip automaton which we use to demonstrate a step-by-step sampleun of the Merge-Split
algorithm.
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Flip Automaton (as seen in Figure 1)

Step 1: The Merge-Split algorithm begins by initializing a single null state, from which one is allowed to
take any action/observation sequence. (Note that the set of numbers next to a nodeni the graph indicate
the possible states we can be in at this point. In this case we can be in dier state 1 or state 2, since the
null node indicates no actions were taken yet).

Merge-Split Learned Automaton:

ol

Figure 4. Step 1 of the Merge-Split Algorithm initializes a shgle null state



Step 2: For every possible transition, create a child node.

Figure 5: Merge-Split creates a child node for every possiblgansition from the null state.

Step 3: Merge nodes whose sets of future possible transitions are identical. Ffexample, taking an LO action
is the same as taking an L1 action. Both actions will take us to state 1.The future trajectories of nodes LO
and L1 will thus be identical, so the two nodes are merged.

Merge-Split Learned Automaton:
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Figure 6: Merge-Split merges redundant nodes

Step 4: Nodes that did not get merged with other existing nodes will be expanded an additioal step.



Figure 7: Merge-Split expands nodes which did not previouslget merged

Step 5: The following is the "nal automaton learned by the Merge-Split algorithm.

Figure 8. Merge-Split merges redundant nodes (as in Figure 6)

We can clean up our diagram of the learned automaton by removing crossed out nodes aadding appropriate
labels and transition arrows to the remaining nodes:



Figure 9: The nal automaton learned by the Merge-Split algorihm w.r.t. the Flip Automaton

The resulting automaton closely resembles the original machine, and allows us toorrectly predict future
action e®ects!

4.2 Additional Examples

While Merge-Split learned a model that closely resembled the original machine in the °ip-atomaton, there
exist examples where Merge-Split may learn a model that resembles the minimal represetian of the original
machine.

The following is a 6-state DKA [3], in Mealy form.



Figure 10: A 6-state Deterministic Kripke Automaton in Mealy form
Merge-Split learns the following model.

Figure 11: Learned Merge-Split Automaton

The original machine was not minimized in this case, but Merge-Split learned a model thatclosely re-

sembles its minimal representation. This led us to conjecture that Merge-Split alwaydearns the minimal
model.

But we discovered that Merge-Split may not always learn the minimal representation. Consider the following
7-state °oat/reset automaton [4].
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Figure 12: 7-state Float/Reset Automaton

The Merge-Split algorithm will learn a 28-state model, which is well over the umber of states in the original
automaton.
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Figure 13: The Merge-Split Learned Automaton w.r.t. the 7-stde Float-Reset Automaton

Merge-Split works by looking at the set of future transitions of a hode. The reasn the algorithm repeatedly
expands nodes in the °oat/reset case is because it identi es di®erences in the futures of the nodesorF
instance, starting from the BO node, if we look at a 5-step extension of the node,é. BOBOBOBOBOBO,we
note that our future possible transitions are f BO, A1, COg, whereas up to a 4-step extension will give us the
transition set f BO, A0, A1, COg. Hence we cannot merge BOBO, BOBOBO, BOBOBOBO, or BOBOBOBOBO with
the node BO, because this would not re°ect the di®erence in future transitions encountered.
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4.3 Deterministic Case vs. Stochastic Case

There are several di®erences in the ditculties that may arise when learning the structure od deterministic
system versus that of a probabilistic system. In fact, there is much discussio devoted to which of the two
cases is more ditcult to handle. Intuitively, one would gather that it is easier to ded with the deterministic
case, but the following demonstrates why it may be quite challenging.

What is particular about the deterministic case is that we cannot assign distrbutions to the transitions, and
we cannot determine with what probability the machine can satisfy an experiment. We can only determine
what transitions are possible.

Figure 14 illustrates the challenges faced when learning the structure of a determintie system. If the current
data suggests that our model should satisfy the sequences al, bOal and bOb0Oal, then histpoint, we do
not know whether we should create additional states to satisfy the data, or whether ar model should loop

on action b0 (i.e. merge the nodes that satisfy b0). Both looping and non-looping mdels "t the current
data.

Learning the structure of a deterministic transition system involves more than producing a model that merely
memorizes the current data (as in Figure 14(b)). A model that merely memorizes whatvas seen so far will
be \shafted" by any longer sequence. Notice that the model in Figure 14(b) will requie modi cations if the
data suggests that the sequence bObOb0Oal should also be satis ed. This is why it igaod idea to generalize
the model.

(a) Simple two-state model

(b) A model that memorizes the data

Figure 14: Models (a) and (b) both satisfy a1, bOal, bObOalub(a) can satisfy bObObOal, while (b) cannot.

Our Merge-Split algorithm overcomes this dixculty by exploring the sets of all possible future transitions of
each node. In the Float-Reset automaton example (Figure 12), Merge-Split was ablto recognize that the
learned model (Figure 13) should not merge all the nodes satisfying BO. It waskde to detect a di®erence
between the 4" and 5" -step extensions of the BO node.
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Given that Merge-Split works exciently in the deterministic case, we aim to extend it to the stochastic case
and hope for comparable results.

GKPP can in a certain sense be thought of as the probabilistic version of Merge-Spl Unlike GKPP,
Merge-Split works with transition systems consisting of actions and observions whereas GKPP works for
HMMs, in which case we do not have actions but only observations that account for fansitions between
states. We want to generalize GKPP to work for the case of actions in order tde able to infer hidden state
in probabilistic environments such as POPAs.

To extend the Merge-Split algorithm to the stochastic case, we must reintroduce thelargeness condition
and the distinguishability parameter in order to determine if there is a signi cant di ®erence between the
probability distributions over trajectories observed from any two states. The trajectories will now consist
of both actions and observations, hence it is necessary to adjust the largeness conditi to take actions into
consideration. This was not yet worked on, but we do not expect it to be a ditcult task.

5 Future Work

Although our Merge-Split algorithm allows us to correctly predict future action e®ects in deterministic
environments, the constructed automaton is not minimal. We wish to re ne Merge-Spit so that it learns the
minimal representation of a given partially observable system. We want b do this in order to connect it with
the notion of the double-dual representation [3]. The double-dual representation is the nmimal version of
the original machine with deterministic transition structure and no hidden stat e. Its states can be thought of
as \bundles" of predictions for experiments, making this representation hold the pramise of better learning
and planning algorithms.

As described, we also aim to extend the Merge-Split algorithm to work in probabilstic environments in order
to better apply it to real-world problems. Achieving these goals will bring us a gep closer to reaching our
long-term goal of "nding an algorithm that learns the most succinct automaton consstent with the data

produced by a partially observable system.
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